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 1. Uncertainty Propagation using Derivative 
Information 



Context: Uncertainty Propagation for 
Computationally Expensive Codes.  

  Uncertainty	  analysis	  of	  model	  predic0ons:	  given	  data	  about	  uncertainty	  parameters	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  and	  a	  code	  that	  creates	  output	  from	  it	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  characterize	  y.	  	  
	  
	  
	  
  In	  this	  work	  we	  are	  interested	  in	  the	  propaga0on	  problem:	  Given	  a	  probability	  structure	  for	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  find	  the	  distribu0on	  of	  	  	  	  	  	  	  

  	  If	  	  	  	  	  	  	  is	  expensive	  to	  compute,	  we	  cannot	  expect	  to	  compute	  a	  sta0s0c	  of	  y	  very	  accurately	  from	  
direct	  simula0ons	  alone	  (and	  there	  is	  also	  curse	  of	  dimensionality;”	  exponen0al	  growth	  of	  effort	  
with	  dimension”).	  	  

  How	  do	  I	  propagate	  the	  model	  if	  the	  code	  is	  very	  computa0onally	  intensive?	  	  



Can Derivative Information Help in Accelerating 
Uncertainty Propagation? 

  Adjoint	  differen0a0on	  adds	  a	  lot	  more	  informa0on	  per	  unit	  of	  func0on	  evalua0on	  cost	  (theory:	  
at	  least	  p/5	  more,	  where	  p	  is	  the	  dimension	  of	  the	  uncertainty	  space).	  	  

  Q:	  Can	  I	  use	  deriva0ve	  informa0on	  in	  uncertainty	  propaga0on	  to	  accelerate	  its	  precision	  per	  unit	  
of	  compu0ng	  0me?	  	  	  

  Working	  hypothesis	  (and	  answer)	  :	  yes.	  	  

  In	  nuclear	  engineering,	  the	  answer	  tends	  to	  be	  either	  A)	  Use	  Monte	  Carlo	  or	  B)	  Linearized	  
Func0ons	  +	  Adjoint	  Informa0on.	  	  

  Q:	  How	  do	  I	  use	  gradient	  informa0on	  without	  introducing	  the	  bias	  from	  lineariza0on?	  	  
  By	  using	  surrogates—surface	  response	  –	  output	  colloca0on	  	  built	  with	  deriva0ve	  informa0on.	  	  	  



New research direction: Statistics with derivative 
information?  
  We	  create	  surrogates	  out	  of	  expensive	  codes	  to	  carry	  out	  uncertainty	  propaga0on	  

(truly,	  an	  approxima0on	  step)	  
	  

  If	  we	  do	  complete	  uncertainty	  analysis,	  we	  must	  create	  an	  error	  model	  for	  the	  
surrogate	  itself.	  	  

  Not	  unlike	  other	  sta0s0cal	  ac0vi0es,	  but	  one	  big	  difference	  with	  codes	  versus	  
physical	  experiments:	  I	  can	  compute	  deriva0ves	  

	  

  So	  I	  can	  use	  deriva0ves	  in	  the	  crea0on	  of	  the	  sta0s0cal	  models,	  which	  is	  a	  fairly	  
dis0nct	  endeavor	  in	  sta0s0cs	  (not	  unheard	  of	  but	  fairly	  rare).	  

  Therefore	  some	  of	  the	  typical	  sta0s0cal	  endeavors	  (choosing	  predictors,	  kernels	  
for	  Kriging,	  designs,	  etc)	  need	  to	  then	  be	  studied	  for	  the	  case	  where	  deriva0ve	  
informa0on	  is	  also	  used.	  	  	  
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How to obtain Derivatives? Automatic Differentiation, AD 
  AD	  is	  based	  on	  the	  fact	  that	  any	  program	  can	  be	  viewed	  as	  a	  finite	  sequence	  of	  elementary	  opera0ons,	  

the	  deriva0ves	  of	  which	  are	  known.	  A	  program	  P	  implemen0ng	  the	  func0on	  J	  can	  be	  parsed	  into	  a	  
sequence	  of	  elementary	  steps:	  

	  
	  	  	  	  	  The	  task	  of	  AD	  is	  to	  assemble	  a	  new	  program	  P'	  to	  compute	  the	  deriva0ve.	  In	  forward	  mode:	  
	  
	  
	  
  In	  the	  forward	  (or	  direct)	  mode,	  the	  deriva0ve	  is	  assembled	  by	  the	  chain	  rule	  following	  computa0onal	  

flow	  from	  an	  input	  of	  interest	  to	  all	  outputs.	  We	  are	  more	  interested	  in	  the	  reverse	  (or	  adjoint)	  mode	  
that	  follows	  the	  reversed	  version	  of	  the	  computa0onal	  flow	  from	  an	  output	  to	  all	  inputs:	  

	  
	  
	  	  	  	  	  In	  adjoint	  mode,	  the	  complete	  gradient	  can	  be	  computed	  in	  a	  single	  run	  of	  P',	  as	  opposed	  to	  mul0ple	  runs	  

required	  by	  the	  direct	  mode.	  
  Theory:	  Cost	  of	  adjoint	  <	  5*	  Cost	  of	  Compu0ng	  J.	  For	  some	  examples:	  (Lockwood,	  Mavriplis,	  et	  al.)	  <	  .

01*Cost	  of	  Compu0ng	  J.	  	  
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How (and why) does AD work, conceptually?  

  Build	  a	  computa0onal	  graph	  (example	  from	  
Nocedal	  and	  Wright)	  	  

  Alach	  to	  the	  node	  the	  value	  of	  the	  variable	  
and	  to	  the	  edge	  the	  value	  of	  “local	  par0al	  
deriva0ve.	  	  

  Traverse	  it	  len	  to	  right	  (forward	  sensi0vity)	  or	  
right	  to	  len	  (adjoint	  sensi0vity)	  and	  mul0ply	  
the	  edge	  weights	  you	  encounter.	  

  Result:	  the	  forward	  or	  adjoint	  sensi0vity.	  



New research in the chain rule?  

  The	  computa0onal	  consequences	  of	  implemen0ng	  adjoints	  efficiently	  are	  
enormous.	  	  

  Costs	  of	  less	  than	  0.01	  of	  forward	  simula0on	  have	  been	  reported	  for	  adjoints	  of	  
certain	  physical	  phenomena	  (Lockwood,	  Mavriplis	  et	  al,	  2012.).	  	  
–  How	  do	  we	  deal	  with	  storage	  complexity	  in	  adjoint	  calcula0on?	  	  
–  Should	  we	  do	  some	  compression,	  and	  what	  are	  best	  tools?	  	  
–  How	  do	  we	  parallelize	  and	  load	  balance	  mul0physics	  adjoints.	  	  

  Chain	  rule:	  S0ll	  a	  very	  rich	  algorithmic	  research	  area.	  	  

	  	  



 2. Polynomial regression with derivative 
information: PRD.  



Uncertainty quantification, subject models 
  Model	  I.	  Matlab	  prototype	  code:	  a	  steady-‐state	  3-‐dimensional	  	  
finite-‐volume	  model	  of	  the	  reactor	  core,	  taking	  into	  account	  heat 	  	  
transport	  and	  neutronic	  diffusion.	  Parameters	  with	  uncertainty	  are	  
the	  material	  proper0es:	  heat	  conduc0vity,	  specific	  coolant	  heat,	  
heat	  transfer	  coefficient,	  and	  neutronic	  parameters:	  fission,	  
scalering,	  and	  absorb0on-‐removal	  cross-‐sec0ons.	  Chemical	  	  
non-‐homogenuity	  between	  fuel	  pins	  can	  be	  taken	  into	  account.	  
Available	  experimental	  data	  is	  parameterized	  by	  12-‐66	  quan0fiers.	  
	  
  Model	  II.	  MATWS,	  a	  func0onal	  subset	  of	  an	  industrial	  complexity	  
code	  SAS4A/SASSYS-‐1:	  point	  kine0cs	  module	  with	  a	  representa0on	  
of	  heat	  removal	  system.	  >10,000	  lines	  of	  Fortran	  77,	  sparsely	  	  
documented.	  
MATWS	  was	  used,	  in	  combina0on	  with	  a	  simula0on	  tool	  Goldsim,	  	  
to	  model	  nuclear	  reactor	  accident	  scenarios.	  The	  typical	  analysis	  
task	  is	  to	  find	  out	  if	  the	  uncertainty	  resul0ng	  from	  the	  error	  in	  	  
es0ma0on	  of	  neutronic	  reac0vity	  feedback	  coefficients	  is	  sufficiently	  
small	  for	  confidence	  in	  safe	  reactor	  temperatures.	  The	  uncertainty	  is	  	  
described	  by	  4-‐10	  parameters.	  



Representing Uncertainty 	  
	  
	  
	  
  We	  use	  a	  hierarchical	  structure.	  Given	  a	  generic	  model	  with	  uncertainty	  
	  
	  
	  
	  	  	  	  	  with	  model	  state	  	  
	  	  	  	  	  intermediate	  parameters	  and	  inputs	  	  
	  	  	  	  	  that	  include	  errors	  
	  	  	  	  	  An	  output	  of	  interest	  is	  expressed	  by	  the	  merit	  func0on	  
	  	  	  	  The	  uncertainty	  is	  described	  by	  a	  set	  of	  stochas0c	  quan0fiers	  	  
  We	  redefine	  the	  output	  as	  a	  func0on	  of	  uncertainty	  quan0fiers,	  	  
	  	  	  	  	  and	  seek	  to	  approximate	  the	  unknown	  func0on	  	  
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Polynomial Regression with Derivatives, PRD 
  We	  approximate	  the	  unknown	  response	  func0on	  by	  polynomial	  regression	  based	  on	  a	  small	  set	  of	  model	  

evalua0ons.	  Both	  merit	  func0on	  outputs	  and	  merit	  func0on	  derivaBves	  with	  respect	  to	  uncertainty	  
quan0fiers	  are	  used	  as	  fitng	  condi0ons.	  

	  	  
  PRD	  procedure:	  	  
-‐	  choose	  a	  basis	  of	  mul0variate	  polynomials	  	  	  
the	  unknown	  func0on	  is	  then	  approximated	  by	  an	  expansion	  	  
-‐	  choose	  training	  set	  
-‐  evaluate	  the	  model	  and	  its	  deriva0ves	  for	  each	  point	  in	  the	  training	  set,	  and	  enforce	  the	  colloca0on	  

condi0ons	  on	  the	  training	  set.	  	  
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Polynomial Regression with Derivatives, PRD 

  PRD	  procedure,	  regression/
colloca0on*	  	  equa0ons:	  

	  
  Note:	  the	  only	  interac0on	  with	  the	  	  
computa0onally	  expensive	  model	  
is	  on	  the	  right	  side!	  
	  
  The	  polynomial	  regression	  

approach	  without	  deriva0ve	  
informa0on	  would	  	  provide	  (n+1)	  
0mes	  LESS	  rows.	  	  

  Choose	  the	  polynomial	  basis	  
wisely,	  solve	  with	  least	  squares.	  	  	  

  The	  overall	  computa0onal	  savings	  	  
depend	  on	  how	  cheaply	  the	  	  
deriva0ves	  can	  be	  computed	  
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Why am I obsessed with really low sample size ?  

  We	  work	  in	  project	  “Simula0on-‐Based	  High-‐Efficiency	  Advanced	  Reactor	  
Prototyping	  -‐-‐	  SHARP”;	  	  

  Some	  of	  the	  codes	  that	  need	  to	  be	  validated	  run	  for	  a	  few	  weeks	  on	  a	  
supercomputer	  for	  one	  sample.	  	  

  So	  we	  must	  have	  methods	  that	  give	  *some*	  idea	  of	  uncertainty	  for	  5-‐50	  samples	  
even	  for	  large-‐ish	  dimensional	  uncertainty	  spaces.	  	  	  

4/13/12	  

IMA	  2011	  UQ	  Workshop	  



PRD UQ,  tests on subject models 1. 
  Model	  I,	  Matlab	  prototype	  code.	  Output	  of	  interest:	  maximal	  fuel	  centerline	  temperature.	  	  
  We	  show	  performance	  of	  a	  version	  with	  12	  (most	  important)	  uncertainty	  quan0fiers.	  Performance	  of	  

PRD	  	  approxima0on	  with	  full	  and	  truncated	  basis	  is	  compared	  against	  random	  sampling	  approach	  (100	  
samples)*:	  

	  
	  

	   	   	   	   	   	   	   	   	   	   	   	   	  	  
	  
	  

	   	   	   	   	   	   	   	   	   	   	   	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  
	  
	  
	  
	  
	  
	  

	   	   	   	   	   	   	   	   	   	   	   	   	   	   	  *	  deriva0ve	  evalua0ons	  
	   	   	   	   	   	   	   	   	   	   	   	   	   	  	  	  	   	  required	  ~150%	  	  overhead	  

	  	  	  	  	  
	  
	  

Sampling Linear 
approximation 

PRD, full 
basis 

PRD, 
truncated 
basis 

Full model runs 100 1* 72* 12* 

Output range, K 2237.8 
2460.5 

2227.4 
2450.0 

2237.8 
2460.5 

2237.5 
2459.6 

Error range, K -10.38 
+0.01 

-0.02 
+0.02 

-0.90 
+0.90 

Error st. 
deviation 

2.99 0.01 0.29 



PRD, basis truncation 
  Issue:	  we	  would	  like	  to	  use	  high-‐order	  polynomials	  to	  represent	  non-‐linear	  rela0onships	  in	  the	  model.	  

But,	  even	  with	  the	  use	  of	  deriva0ve	  informa0on,	  the	  required	  size	  of	  the	  training	  set	  grows	  rapidly	  (curse	  
of	  dimensionality	  in	  spectral	  space)	  

	  
  We	  use	  a	  heuris0c:	  we	  rank	  uncertainty	  quan0fiers	  by	  importance	  (a	  form	  of	  sensi0vity	  analysis	  is	  

already	  available,	  for	  free!)	  and	  use	  an	  incomplete	  basis,	  i.e.	  polynomials	  of	  high	  degree	  only	  in	  variables	  
of	  high	  importance.	  This	  allows	  the	  use	  of	  some	  polynomials	  of	  high	  degree	  (maybe	  up	  to	  5?)	  

  Several	  versions	  of	  the	  heuris0c	  are	  available,	  we	  choose	  to	  fit	  a	  given	  computa0onal	  budget	  on	  the	  
evalua0ons	  of	  the	  model	  to	  form	  a	  training	  set.	  

	  
  In	  our	  first	  experiments,	  we	  use	  either	  a	  complete	  basis	  of	  order	  up	  to	  3,	  or	  its	  truncated	  version	  allowing	  

the	  size	  of	  training	  set	  to	  be	  within	  10-‐50	  evalua0ons.	  

  An	  even	  beler	  scheme	  -‐	  adap0ve	  basis	  trunca0on	  based	  on	  stepwise	  fitng	  is	  developed	  later,	  
simultaneously	  with	  condi0ons	  for	  beler	  algebraic	  form	  of	  mul0variate	  basis,	  	  



	  	  

Uncertainty quantification,  tests on subject models 
  Model	  II,	  MATWS,	  subset	  of	  SAS4A/SASSYS-‐1.	  We	  repeat	  the	  analysis	  of	  effects	  of	  uncertainty	  in	  an	  

accident	  scenario	  modeled	  by	  MATWS	  +	  GoldSim.	  The	  task	  is	  to	  es0mate	  sta0s0cal	  distribu0on	  of	  peak	  
fuel	  temperature.	  

  We	  reproduce	  the	  distribu0on	  of	  the	  outputs	  correctly*;	  	  
regression	  constructed	  on	  50	  model	  	  
evalua0ons	  thus	  replaces	  analysis	  	  
with	  1,000	  model	  runs.	  We	  show	  	  
cumula0ve	  distribu0on	  of	  the	  	  
peak	  fuel	  temperature.	  	  
	  
  Note	  that	  the	  PRD	  approxima0on	  	  
is	  almost	  en0rely	  within	  the	  95%	  	  
confidence	  interval	  of	  the	  	  
sampling-‐based	  results.	  	  
	  
  Surface	  response,	  error	  model	  
in	  progress	  (though	  control	  variate	  done)	  
	  
	  	  	  	  	  	  
	  

	   	   	   	   	   	   	   	   	   	   	   	   	  	  	  
	  
	  

	   	   	   	   	   	   	   	   	   	   	   	   	   	  	  
	  	  	  	  	  
	  
	  



PRD, selection of better basis 
  We	  inherited	  the	  use	  of	  Hermite	  mul0variate	  polynomials	  as	  basis	  from	  a	  related	  method:	  Stochas0c	  

Finite	  Elements	  expansion.	  

  While	  performance	  of	  PRD	  so	  far	  is	  acceptable,	  Hermite	  basis	  may	  not	  be	  a	  good	  choice	  for	  construc0ng	  
a	  regression	  matrix	  with	  deriva0ve	  informa0on;	  it	  causes	  poor	  condi0on	  number	  of	  linear	  equa0ons	  (of	  
the	  Fischer	  matrix).	  

	  
  Hermite	  polynomials	  are	  generated	  by	  orthogonaliza0on	  process,	  to	  be	  orthogonal	  (in	  probability	  

measure	  ρ;	  Gaussian	  measure	  is	  the	  specific	  choice):	  
	  	  

  We	  formulate	  new	  orthogonality	  condi0ons:	  

	  
	  

	  and	  ask	  the	  ques0on:	  how	  does	  a	  good	  basis	  with	  respect	  to	  this	  inner	  product	  looks	  like?	  

  Surprise:	  We	  cannot	  construct	  tensor	  product	  bases	  of	  arbitrary	  order.	  We	  give	  very	  0ght	  sufficient	  
condi0ons	  and	  use	  them.	  (Li	  &	  al.,	  IJUQ,	  in	  press)	  
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PRD, selection of better basis 
  Model	  I,	  Matlab	  prototype	  code.	  

We	  compare	  the	  setup	  of	  PRD	  
method	  using	  Hermite	  polynomial	  
basis	  and	  the	  improved	  basis.	  We	  
observe	  the	  improvement	  in	  the	  
distribu0on	  of	  singular	  values	  of	  the	  
colloca0on	  matrix.	  

  	  We	  compare	  numerical	  
condi0oning	  for	  Hermite,	  Legendre	  
polynomials,	  and	  the	  basis	  based	  on	  
new	  orthogonality	  condi0ons.	  

  We	  have	  10^10	  improvement	  in	  the	  
condi0on	  number	  of	  the	  Fischer	  
matrix	  *!!!	  In	  principle	  this	  results	  
in	  much	  more	  robustness	  of	  the	  
matrix.	  	  

  This	  will	  offer	  us	  substan0al	  	  	  
flexibility	  in	  crea0ng	  the	  PRD	  
model.	  

	  
	  
	  
	  



PRD, adaptive (stepwise fitting) basis truncation 
  We	  use	  a	  stepwise	  fitng	  procedure	  (based	  on	  F-‐test):	  
1.  Create	  the	  PRD	  model	  as	  an	  expansion	  in	  the	  star0ng	  set	  of	  polynomials	  
2.  Add	  one	  (es0mated	  as	  most	  likely)	  polynomial	  to	  the	  set.	  An	  expansion	  term	  currently	  not	  in	  the	  model	  is	  

added	  if,	  out	  of	  all	  candidates,	  it	  has	  the	  largest	  likelihood	  that	  it	  would	  have	  non-‐negligible	  coefficient	  if	  
added	  to	  model.	  

3.  Remove	  one	  (es0mated	  as	  least	  likely)	  polynomial	  from	  the	  set.	  An	  expansion	  term	  in	  the	  model	  is	  
removed	  if	  it	  has	  the	  highest	  likelihood	  to	  have	  negligible	  coefficient.	  

  It	  is	  possible	  to	  truncate	  the	  model	  star0ng	  with	  a	  full	  basis	  set	  (of	  fixed	  maximal	  polynomial	  order)	  or	  
from	  an	  empty	  basis	  set	  (all	  polynomials	  of	  fixed	  maximal	  order	  are	  candidates	  to	  be	  added).	  	  

(Hermite	  basis	  error	  on	  20	  samples)	   	   	  (Orthogonal	  basis	  error	  on	  20	  samples,	  log_10	  plot)	  
  Orthogonal	  basis	  created	  star0ng	  “with	  nothing”	  in	  the	  expansion	  results	  in	  precision	  of	  up	  to	  0.01	  	  

	  degree	  K	  (compare	  with	  errors	  of	  >10	  K	  by	  linear	  model).	  
	  
	  
	  
	  
	  
	  



 3. Gaussian Processes for Quantifying 
Uncertainty Propagation Error.  



PRD: need for enhancement, need for error model 
	  
  PRD	  approach	  has	  been	  shown	  to	  be	  a	  powerful	  tool,	  (precision	  of	  <0.1%	  ?	  For	  a	  nonlinear	  12-‐

dimensional	  model?	  Based	  on	  a	  training	  set	  of	  size	  10?)	  

  But	  it	  does	  not	  address	  the	  bias	  introduced	  and	  the	  clearly	  when	  you	  fit	  a	  model	  PRD,	  which	  one	  knows	  is	  
not	  exactly	  correct.	  Also,	  the	  correla0on	  model	  is	  clearly	  incorrect	  (error	  in	  deriva0ves	  uncorrelated	  with	  
errors	  in	  func0on	  evalua0on?	  )	  	  

  	  	  We	  thus	  need	  to	  improve	  uncertainty	  quan0fica0on	  on	  the	  uncertainty	  propaga0on	  process.	  	  
	  

  We	  start	  from	  good	  surrogate	  model	  –as	  we	  demonstrated	  -‐-‐	  which	  we	  enhance	  with	  a	  Gaussian	  Process	  
model	  and	  fit	  it	  with	  max	  likelihood.	  If	  the	  covariance	  is	  smooth	  enough,	  I	  have	  a	  consistent	  model	  for	  
func0on	  and	  gradient	  error.	  	  

  Then,	  we	  use	  the	  posterior	  predic0on	  (kriging)	  at	  the	  test	  points	  



Gaussian process regression (kriging): Setup 
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 	  GP	  joint	  distribu0on:	  
�

y
y∗

�
∼ N

��
m(X)
m(X∗)

�
,

�
K11 + Σ K12

K21 K22

��

y∗|X,X∗,y = m(X∗) + K21 (K11 + Σ)−1 (y −m(X)) 	  Predic0ve	  distribu0on:	  
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3

2
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1

0

1

2

3
prior	   posterior	  

 	  Gaussian	  process	  (GP):	   E {f(x)} = f(x) = m(x)

Cov(f(x)) = k(x, x�)

f(x) ∼ N (m(x), k(x, x�))

y = [ 0.5 −0.5 0.5 ]
x = [ −0.5 0 0.5 ]

 	  Data	  (observa0ons)/predic0ons:	   y = f(x) + ε / y∗ = f(x∗)

Cov(y∗|X,X∗,y) = K22 −K21 (K11 + Σ)−1 K12



Gaussian Processes with Derivatives, 
  We	  assume	  that	  the	  response	  of	  the	  system	  can	  be	  represented	  as	  a	  Gaussian	  process	  with	  explicit	  mean	  

func0on	  and	  specified	  covariance	  func0on	  governed	  by	  a	  set	  of	  parameters	  (hyperparameters):	  

  Covariance	  matrix	  with	  deriva0ve	  informa0on	  is	  given	  by	  a	  block	  form:	  

	  
  Regression	  parameters	  are	  computed	  as	  	  	  	  

	  or	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  with	  	  
	  
  The	  mean	  and	  variance	  of	  the	  model	  are	  now	  predicted	  as	  	  

	  
	  
  We	  now	  need	  to	  assume	  a	  func0onal	  form	  of	  the	  covariance	  func0on	  which	  must	  be	  posi0ve	  definite	  

(not	  a	  trivial	  requirement:	  trunca0on	  of	  a	  pd	  func0on	  is	  not	  pd).	  	  
  ,For	  example:	  squared	  exponen0al:	  
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How to compute the covariance of the derivative 
information 

  First,	  the	  covariance	  func0on	  must	  support	  differen0able	  realiza0ons.	  We	  will	  
consider	  here	  only	  sta0onary	  covariance	  func0ons.	  	  

  	  The	  covariance	  func0on	  (of	  a	  sta0onary	  process)	  must	  be	  differen0able	  at	  0	  twice	  
as	  many	  0mes	  as	  the	  realiza0ons.	  	  

  E.g:	  The	  process	  is	  twice	  differen0able	  everywhere	  	  the	  covariance	  func0on	  
must	  be	  four	  0mes	  differen0able	  at	  0.	  	  

  For	  first-‐order	  deriva0ve:	  	  
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Gaussian Processes approach, Parameter Fitting 
  With	  the	  func0onal	  form	  of	  covariance	  specified,	  the	  hyperparameters	  	  	  	  	  	  are	  determined	  by	  maximizing	  

the	  marginal	  likelihood	  func0on	  for	  the	  data.	  The	  logarithm	  of	  the	  likelihood	  is	  given	  by:	  

	  
  The	  op0miza0on	  is	  carried	  out	  using	  standard	  tools	  (L-‐BFGS	  +	  ac0ve	  set	  algorithm).	  
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How do I choose the covariance function? 

  Covariance	  func0ons	  must	  be	  “posi0ve	  definite”.	  	  
  The	  square	  exponen0al	  is	  one	  of	  the	  most	  used	  in	  machine	  learning,	  but	  also	  

assumes	  the	  underlying	  process	  is	  very	  smooth,	  which	  may	  make	  the	  error	  
es0mate	  completely	  unreliable.	  	  

  The	  Matern	  func0on	  is	  one	  of	  the	  most	  robust,	  for	  the	  deriva0ve-‐free	  case	  and	  
it	  has	  controllable	  smoothness.	  	  

IMA	  2011	  UQ	  Workshop	  

4/13/12	  



How do I choose the covariance function II. 

  All	  the	  previous	  kernel	  func0ons	  result	  in	  DENSE	  matrices	  which	  	  may	  be	  a	  problem	  
if	  I	  need	  to	  sample	  at	  many	  points.	  	  

  Cubic	  spline	  func0ons	  are	  examples	  of	  compact	  Kernels,	  with	  sparse	  covariance	  
matrices	  that	  can	  be	  more	  easy	  to	  manipulate	  (e.g	  Cholesky,	  which	  is	  needed	  in	  max	  
likelihood	  and	  sampling,	  may	  be	  doable)..	  	  
IMA	  2011	  UQ	  Workshop	  
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3.2 NUMERICAL RESULTS FOR 
GEUK 
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Our working intuition re GEUK 

  	  H1:	  GEUK	  results	  in	  less	  error	  compared	  with	  $L_2$	  regression	  (GP	  with	  iid	  noise).	  
  H2:	  GEUK	  results	  in	  less	  error	  compared	  with	  universal	  Kriging	  without	  deriva0ve	  

informa0on.	  Idea:	  one	  gradient	  evalua0on	  brings	  d/5	  more	  informa0on.	  	  	  
  H3:	  GEUK	  results	  in	  less	  error	  for	  the	  same	  number	  of	  sample	  values	  when	  

compared	  with	  ordinary	  Kriging.	  	  
  H4.	  GEUK	  approximates	  well	  the	  sta0s0cs	  of	  output,	  and	  its	  predicted	  covariance	  

is	  a	  good	  or	  conserva0ve	  es0mate	  of	  the	  error}.	  	  
  H5.	  Covariance	  malers.	  It	  will	  affect	  the	  predic0ons	  and	  usability	  of	  the	  model.	  

Idea:	  it	  is	  best	  to	  assume	  as	  lille	  differen0ability	  as	  one	  can	  get	  by	  with,	  
par0cularly	  in	  the	  dense	  limit	  of	  samples.	  	  

  Approach:	  calibrate	  with	  N	  samples,	  report	  error	  with	  500.	  For	  full	  details,	  see	  
Lockwood	  and	  Anitescu	  2012.	  	  
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H1: Kriging versus Regression 
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Conclusion	  H1:	  GEUK	  beler	  RMSE	  –	  modeling	  correla0on	  malers	  

MB-‐3rd	  Deg	  –	  8	  pts	  –	  Square	  EXp	  
MS-‐3rd	  Deg	  –	  16	  pts	  –	  Cubic	  Spline	  2	  



H2: Effect of gradient information 
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Conclusion	  H2:	  gradient	  malers	  but	  
we	  expect	  it	  will	  be	  even	  more	  
spectacular	  for	  large	  dimensions.	  	  

MB-‐0rd	  Deg	  –	  N	  pts	  –	  Cubic	  Spline	  2	  

MS-‐2nd	  Deg	  –	  N	  pts	  –	  Cubic	  Spline	  2	  



H3: Using a mean function versus ordinary kriging  
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Conclusion	  H3:	  Modeling	  the	  mean	  may	  maler	  and	  it	  
definitely	  does	  not	  hurt	  (it	  does	  not	  help	  in	  MS)	  

MB-‐M	  deg	  –	  N	  pts	  –	  Cubic	  Spline	  2	  



H4: Kriging gives a good approximation of the error 
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Conclusion	  H4:	  We	  have	  good	  approxima0on	  at	  low	  sample	  size,	  and,	  
with	  decorrela0on,	  good	  approxima0on	  at	  larger	  sample	  size	  for	  some	  
func0ons.	  (Square	  Exponen0al:	  not	  PD	  at	  Machine	  Precision)	  

With	  Decorrela0on	  
Without	  Decorrela0on	  



H5: The choice of covariance function matters 
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Conclusion	  for	  H5	  (see	  also	  previous	  slide)	  –	  it	  does.	  	  As	  in	  the	  deriva0ve-‐free	  
case,	  Matern	  3/2	  seems	  a	  “safe”	  choice;	  squared	  exponen0al	  is	  all	  over	  the	  
place,	  and	  compact	  kernel	  does	  not	  do	  a	  good	  job	  on	  the	  tails	  at	  larger	  N.	  	  
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Sampling the surrogate model when propagation 
uncertainty is included 

  For	  uncertainty	  parameter	  	  	  	  	  	  	  	  	  	  	  ,	  the	  error	  propaga0on	  is	  determinis0c	  
condi0onal	  on	  u	  	  	  

  When	  using	  	  GP	  to	  model	  surrogate	  error,	  we	  have	  that	  	  
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u

 f u1( ), f (u2 ),…, f uN( ) | u1,u2…,uN( ) ! ! f u1( ), f (u2 ),…, f uN( )( )

 f u1( ), f (u2 ),…, f uN( ) | u1,u2…,uN( ) ! N mc U( ),Kc U( )( )



Quantile Estimation   

  This	  is	  a	  cri0cal	  sta0s0c	  in	  nuclear	  engineering.	  	  
  Par0cularly,	  the	  95%	  sta0s0cs	  with	  95	  %	  confidence.	  
  “Conserva0ve	  Es0mate”	  using	  the	  Uniform	  distribu0on	  and	  proper0es	  of	  order	  

sta0s0cs	  and	  uniform	  distribu0ons	  quan0les.	  	  
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Estimating Quantiles Using Asymptotic tests 

IMA	  2011	  UQ	  Workshop	  

MATWS:	  8	  samples	  and	  50	  samples	  
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GPs with derivatives: Research Issues   

  If	  I	  use	  GPs	  to	  approximate	  a	  determinis0c	  response	  under	  what	  condi0ons	  can	  
the	  posterior	  covariance	  be	  used	  as	  an	  error	  es0mate?	  	  

  What	  theore0cal	  considera0ons	  should	  guide	  the	  choice	  of	  the	  covariance	  kernel?	  
  Can	  the	  distribu0on	  of	  the	  parameter	  induce	  beler	  choices	  of	  the	  covariance	  

kernel?	  	  	  
  How	  do	  we	  deal	  with	  the	  mul0ple	  local	  minima	  we	  see	  in	  the	  likelihood?	  	  
  What	  are	  good	  op0mal	  design	  formula0ons	  and	  their	  solu0ons?	  	  
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4 SCALABLE GP ANALYSIS 
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Examples 

	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  

Source:	  hlp://www.ccs.ornl.gov/	  
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Tasks and challenges 

  Sampling	  	  
  Maximum	  likelihood	  
  Interpola0on/Kriging	  (solving	  linear	  system	  with	  K)	  
  Regression/Classifica0on	  (solving	  linear	  systems	  with	  K)	  
  …	  

  A	  lot	  of	  the	  basic	  tasks	  require	  matrix	  computa0ons	  w.r.t.	  the	  covariance	  matrix	  K.	  	  
  But	  for	  1B	  data	  points,	  you	  need	  8*10^18	  bytes	  to	  store	  =	  8	  EXABYTES,	  so	  cannot	  

store	  K.	  	  
  How	  do	  you	  do	  compute	  log-‐det	  and	  A	  without	  storing	  the	  covariance	  matrix?	  And	  

Hopefully	  in	  O(number	  data	  points)	  operaa0ons?	  	  
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Maximum Likelihood Estimation (MLE) 

  A	  family	  of	  covariance	  func0ons	  parameterized	  by	  θ:	  φ(x;	  θ)	  

  Maximize	  the	  log-‐likelihood	  to	  es0mate	  θ:	  

  First	  order	  op0mality:	  (also	  known	  as	  score	  equa0ons)	  
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max
!
L(! ) = log (2" )!n/2 (detK )!1/2 exp(!yTK !1y / 2){ }

= !
1
2
yTK !1y! 1

2
log(detK )! n

2
log2"

1
2
yTK !1(" jK )K

!1y! 1
2
tr K !1(" jK )#$ %&= 0



Maximum Likelihood Estimation (MLE) 

The	  log-‐det	  term	  poses	  a	  significant	  challenge	  for	  large-‐scale	  computa0ons	  
	  

  Cholesky	  of	  K:	  Prohibi0vely	  expensive!	  
  log(det	  K)	  =	  tr(log	  K):	  Need	  some	  matrix	  func0on	  methods	  to	  handle	  the	  log	  
  No	  exis0ng	  method	  to	  evaluate	  the	  log-‐det	  term	  in	  sufficient	  accuracy	  
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max
!

  ! 1
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yTK !1y! 1

2
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Sample Average Approximation of Maximum 
Likelihood Estimation (MLE) 

We	  consider	  approximately	  solving	  the	  first	  order	  op0mality	  instead:	  
	  
	  
	  
	  
	  
  A	  randomized	  trace	  es0mator	  tr(A)	  =	  E[uTAu]	  

–  u	  has	  i.i.d.	  entries	  taking	  ±1	  with	  equal	  probability	  

  As	  N	  tends	  to	  infinity,	  the	  solu0on	  approaches	  the	  true	  es0mate	  
  The	  variance	  introduced	  in	  approxima0ng	  the	  trace	  is	  comparable	  with	  the	  

variance	  of	  the	  sample	  y	  
–  So	  the	  approxima0on	  does	  not	  lose	  too	  much	  accuracy	  

  Numerically,	  one	  must	  solve	  linear	  systems	  with	  O(N)	  right-‐hand	  sides.	  
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Stochastic Approximation of Trace 

  When	  entries	  of	  u	  are	  i.i.d.	  with	  mean	  zero	  and	  covariance	  I	  
	  
	  

  The	  es0mator	  has	  a	  variance	  

  If	  each	  entry	  of	  u	  takes	  ±1	  with	  equal	  probability,	  the	  variance	  is	  the	  smallest	  
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Convergence of Stochastic Programming - SAA 

  Let	  

  First	  result:	  
	  
	  
where	  

  Note:	  ΣN	  decreases	  in	  O(N-‐1)	  

48	  
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2
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2
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Simulation: We scale 

  Truth	  θ	  =	  [7,	  10],	  Matern	  ν	  =	  1.5	  
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“Optimal” Convergence 

  Let	  

  Second	  result:	  
	  
	  
where	  

  Note:	  J	  has	  a	  bound	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  so	  C	  converges	  to	  I-‐1	  in	  O(N-‐1)	  if	  
condi0on	  number	  of	  K	  is	  bounded.	  
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LINEAR ALGEBRA CHALLENGES: PRECONDITIONING 
AND MATRIX VECTOR MULTIPLICATIONS 

We	  reduced	  max	  likelihood	  calcula0ons	  to	  solving	  linear	  systems	  with	  K.	  	  
	  
	  
	  
We	  next	  focus	  on	  the	  linear	  algebra:	  
  Precondi0oning	  K	  
  Matrix-‐vector	  mul0plica0on	  with	  K	  
  Solving	  linear	  system	  w.r.t.	  K	  with	  mul0ple	  right-‐hand	  sides	  
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Covariance Model 

  Matern	  covariance	  func0on	  

	  
–  ν:	  Example	  values	  0.5,	  1,	  1.5,	  2	  
–  θ:	  Scale	  parameters	  to	  es0mate	  
–  Kν	  is	  the	  modified	  Bessel	  func0on	  of	  the	  second	  kind	  of	  order	  ν	  

  Commonly	  used	  in	  spa0al/temporal	  data	  modeling.	  
  The	  parameter	  ν	  is	  used	  to	  model	  the	  data	  with	  a	  certain	  level	  of	  smoothness.	  
  When	  ν	  -‐>	  ∞,	  the	  kernel	  is	  the	  Gaussian	  kernel.	  
  Spectral	  density	  
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Why the Matern Kernel?   
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  In	  machine	  learning,	  people	  	  tend	  to	  use	  the	  square	  exponen0al	  kernel	  a	  lot.	  
  This	  assumes	  that	  all	  realiza0ons	  are	  infinitely	  smooth,	  a	  fact	  rarely	  supported	  by	  

data,	  especially	  high	  resolu0on	  data.	  	  
  The	  Matern	  Kernel	  allows	  one	  to	  adjust	  smoothness.	  	  	  	  
  The	  resul0ng	  covariance	  matrix	  is	  dense,	  compared	  to	  compact	  Kernels,	  but	  the	  

likelihood	  surface	  is	  much	  smoother.	  	  



Condition Number 

  K	  is	  increasingly	  ill-‐condi0oned.	  
  If	  the	  grid	  is	  in	  a	  fixed,	  finite	  domain	  	  	  	  	  	  	  	  	  	  	  	  ,	  then	  cond(K)	  =	  O(n2ν/d+1)	  

  On	  regular	  grid,	  K	  is	  (mul0-‐level)	  Toeplitz,	  hence	  a	  circulant	  precondi0oner	  applies	  

  More	  can	  be	  done	  by	  considering	  filtering	  
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Solving Linear System K

Circulant preconditioner [Chan, ’88]

c(Tn) = min
Cn

‖Cn − Tn‖F
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Condition Number 

  Filtering	  (1D):	  	  	  if	  f(w)w2	  bounded	  away	  from	  0	  and	  ∞	  as	  w	  -‐>	  ∞	  
  Let	  0	  ≤	  x0	  ≤	  x1	  ≤	  …	  ≤	  xn	  ≤	  T.	  	  dj	  =	  xj	  –	  xj-‐1.	  

  Then	  K(1)	  has	  a	  bounded	  condi0on	  number	  independent	  of	  n	  
	  

  Filtering	  (1D):	  	  	  if	  f(w)w4	  bounded	  away	  from	  0	  and	  ∞	  as	  w	  -‐>	  ∞	  

  Then	  K(2)	  has	  a	  bounded	  condi0on	  number	  independent	  of	  n	  
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Condition Number 

  Filtering	  (high	  dimension,	  regular	  grid):	  if	  f(w)	  is	  asympto0cally	  (1+|w|)-‐4τ	  

	  
	  

  Then	  K[τ]	  has	  a	  bounded	  condi0on	  number	  independent	  of	  n	  

  Use	  the	  filter	  as	  a	  precondi0oner	  
	  
	  
	  
In	  2D,	  L	  is	  the	  5-‐point	  stencil	  matrix	  with	  rows	  w.r.t.	  the	  grid	  boundary	  removed.	  

  Similarly	  for	  the	  filters	  in	  the	  preceding	  slide	  
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Condition Number 

  Effect	  of	  filtering	  (K[τ]	  can	  be	  further	  precondi0oned	  by	  circulant	  precondi0oner)	  
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Block CG 

  Precondi0oned	  Conjugate	  Gradient	  (M	  is	  precondi0oner)	  
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Block CG 

  CG,	  block	  CG,	  and	  the	  precondi0oned	  versions	  using	  circulant	  precondi0oner	  
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Experimental Results 

  Combined	  effect	  of	  circulant	  precondi0oning	  and	  filtering	  

60	  

0 100 200 300 40010 10

10 5

100

105

iteration

re
si

du
al

 

 

K
K preconditioned
K[1]

K[1] preconditioned



MATRIX-VECTOR 
MULTIPLICATIONS 
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Matrix-Vector Multiplication 

Matrix-‐vector	  mul0plica0on	  s	  =	  Kq	  
  A	  straigh�orward	  implementa0on	  requires	  O(n2)	  calcula0ons	  because	  K	  is	  full.	  
  We	  use	  a	  tree	  code	  to	  perform	  the	  calcula0on	  in	  O(n	  log	  n)	  0me.	  

General	  idea:	  
  separate	  the	  set	  of	  points	  into	  clusters.	  
  For	  each	  entry	  of	  s,	  separate	  the	  summa0on	  into	  cluster	  sums:	  

  If	  xi	  is	  close	  to	  C,	  s(xi,C)	  is	  computed	  in	  a	  brute-‐force	  manner	  
  The	  gain	  by	  using	  tree	  code	  is	  when	  xi	  is	  far	  away	  from	  C,	  s(xi,C)	  can	  be	  

approximated	  by	  expansion	  of	  φ,	  such	  that	  calcula0ons	  are	  reduced.	  
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si = qj!(xi ! x j )
j=1

n
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C
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Matrix-Vector Multiplication 
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Tree	  code:	  
  Recursively	  par00on	  the	  point	  set	  
  Start	  from	  the	  top	  of	  hierarchy	  
  If	  xi	  is	  not	  sufficiently	  far	  away	  the	  cluster	  center,	  visit	  the	  four	  child	  clusters	  
  If	  xi	  is	  sufficiently	  far	  away	  from	  a	  cluster,	  use	  expansion	  to	  compute	  s(xi,C)	  
  If	  bolom	  of	  hierarchy	  is	  reached,	  compute	  s(xi,C)	  in	  a	  brute-‐force	  manner	  

Particle-Cluster Interaction
tree structure

level 0 level 1 level 2 level 3

s(xi) =
N�

j=1

djφ(xi − xj) =
�

C

�

yj∈C

djφ(xi − yj)

θ : accuracy parameter

r/R < θ : well-separated criterion

far-field expansion (Taylor)

– Typeset by FoilTEX – 3



Matrix-Vector Multiplication 

Taylor	  expansion	  around	  center	  of	  C,	  yC:	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
Matern	  kernel:	  A	  recurrence	  rela0on	  can	  be	  built	  to	  compute	  the	  coefficients	  for	  all	  k	  
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Matrix-Vector Multiplication 
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Fig. 4.1. Plots of ΨN
1 (θ) for different covariance matrices K(θ) generated from different kernels.

whereas the second use is the native form,

φ(r;θ) = σ2ϕ

(√
r21
θ21

+
r22
θ22

)
, θ = [θ1, θ2,σ]

T . (4.3)

The surface ΨN
1 (θ) resulting from (4.3) is shown in Figure 4.1(b).

4.1. Taylor coefficients in FMM. With the choice of kernel (4.3), the Taylor
coefficients a in (3.6) can be evaluated with the help of those of the other three kernels
ψ1 = exp(−

√
3r)/r, ψ2 = exp(−

√
3r), ψ3 =

√
3r exp(−

√
3r). Let bk, ck , dk be their

Taylor coefficients, respectively:

bk =
1

k!
Dk

yψ1(xi,yc), ck =
1

k!
Dk

yψ2(xi,yc), dk =
1

k!
Dk

yψ3(xi,yc).

We have

ak = ck + dk, (4.4)

and the following recurrence formulas:

bk =
1

L1L2||k||r2

(
(2||k||− 1)

2∑

i=1

Lj(i)(xi − yi)bk−ei − (||k||− 1)
2∑

i=1

Lj(i)bk−2ei

)

+

√
3

L1L2||k||r2

(
2∑

i=1

Lj(i)((xi − yi)ck−ei − ck−2ei)

)
, (4.5)

ck =

√
3

||k||

(
2∑

i=1

1

Li
((xi − yi)bk−ei − bk−2ei)

)
, (4.6)

dk =

√
3

||k||

(
2∑

i=1

xi − yi
Li

(
√
3ck−ei − bk−ei)−

2∑

i=1

1

Li
(
√
3ck−2ei − bk−2ei)

)
, (4.7)

for ||k|| ≥ 1, where L1 = θ21, L2 = θ22, j(1) = 2, j(2) = 1; b0 = ψ1(r), c0 = ψ2(r),
d0 = ψ3(r), and bk, ck, dk = 0 if any ki < 0. Recurrence relations for ∂φ/∂θ! are
similar but tedious in notation; because of the page limit they are not shown here.

65	  



Linear Algebra Summary 

  When	  the	  block	  CG	  solver	  is	  chosen,	  two	  addi0onal	  issues	  are:	  
–  How	  to	  do	  matrix-‐vector	  mul0plica0ons	  faster	  than	  O(n2)?	  
–  How	  to	  precondi0on	  K?	  
	  

  Regular	  grid	  case	  (K	  is	  mul0-‐level	  Toeplitz):	  
–  Mat-‐vec:	  Fast	  Fourier	  Transform	  
–  Perform	  filtering	  to	  control	  the	  condi0on	  number	  
–  Further	  use	  a	  mul0-‐level	  circulant	  precondi0oner	  to	  precondi0on	  K	  
	  

  Scalered	  points	  case	  (on	  going,	  ideas):	  
–  Mat-‐vec:	  Fast	  summa0on	  methods	  (e.g.,	  tree	  code)	  
–  Filtering:	  Construct	  a	  discrete	  Laplace	  operator	  for	  scalered	  points	  

66	  



Sampling 

  Obtaining	  a	  sample	  y:	  
–  Generate	  a	  vector	  x	  with	  i.i.d.	  standard	  normal	  entries	  
–  Compute	  some	  G	  such	  that	  GGT=	  K	  
–  Compute	  y	  =	  Gx	  

  Tradi0onal	  methods	  use	  the	  Cholesky	  factor	  K	  as	  G.	  
  Cholesky	  is	  prohibi0vely	  expensive	  in	  memory	  and	  in	  space	  for	  large	  K.	  

  We	  use	  matrix	  func0on	  techniques	  to	  directly	  compute	  K1/2x.	  
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Function of Matrix Times Vector f(A)b 

General	  techniques	  
  Krylov	  subspace	  methods.	  

–  Low	  rank	  approxima0on	  of	  A	  by	  QkHkQk
*.	  Then	  f(A)b	  ≈	  Qkf(Hk)Qk

*b.	  
–  (+)	  Extensively	  studied.	  (-‐)	  Need	  to	  store	  all	  the	  vectors;	  loss	  of	  orthogonality.	  

  Polynomial	  approxima0on	  methods.	  
–  Approximate	  f	  by	  a	  polynomial	  p.	  Then	  f(A)b	  ≈	  p(A)b.	  
–  (+)	  Many	  polynomial	  basis	  to	  choose.	  (-‐)	  Polynomial	  expansion	  may	  need	  quadrature.	  

  Ra0onal	  approxima0on.	  
–  Approximate	  f	  by	  ra0onal	  polynomial	  p/q.	  Then	  f(A)b	  ≈	  q(A)-‐1p(A)b.	  
–  (+)	  Low	  degree	  approxima0on	  suffices.	  (-‐)	  Need	  to	  solve	  shined	  linear	  systems.	  

  Contour	  integral.	  
–  Write	  f(A)	  =	  (2πi)-‐1	  integral	  f(z)	  (zI-‐A)-‐1	  dz.	  Then	  compute	  f(A)b	  by	  quadrature.	  
–  (+)	  and	  (-‐)	  similar	  to	  ra0onal	  approxima0on.	  (-‐)	  Need	  design	  good	  quadrature	  points.	  
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Function of Matrix Times Vector f(A)b 

We	  consider	  approxima0ng	  f	  by	  a	  least	  squares	  polynomial	  
	  
	  
	  
where	  the	  orthnormal	  basis	  {Pj}	  can	  be	  generated	  by	  a	  three	  term	  recursion	  
	  
	  
	  
  Vectors	  vj	  =	  Pj(A)b	  are	  updated	  using	  same	  recursion	  un0l	  sufficiently	  close	  to	  f(A)b	  
  Matrix	  free:	  Only	  ac0on	  of	  A	  on	  b	  is	  needed	  to	  compute	  vj	  
  Compu0ng	  α,	  β	  may	  need	  quadrature.	  We	  design	  a	  method	  to	  avoid	  this.	  
	  
Idea:	  Use	  a	  spline	  s	  to	  approximate	  f	  first.	  
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f (t) !!k (t) := " f ,Pj #Pj (t)
j=0

k

$

! j+1Pj+1 = tPj !" jPj !! jPj!1,      " j = "tPj,Pj #,    ! j+1 = normalization

f (t) ! s(t) !!k (t)



Function of Matrix Times Vector f(A)b 

Benefits	  of	  using	  a	  spline:	  
  Quadratures	  can	  be	  computed	  exactly	  in	  each	  subinterval.	  
  Alleviate	  Gibbs	  phenomenon	  

(a)	  polynomial	  approxima0on,	  (b)	  spline,	  (c)	  polynomial	  approxima0on	  to	  spline	  
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First, approximate the function f(t) by a spline s(t). Then, use s(t)
in place of f(t) in Algorithm 1 to compute the vector zk+1 ≈ s(A)b,
which in turn approximates f(A)b.

Using splines in place of the original f yields many benefits. Since a spline is noth-
ing but a piecewise polynomial, inner products need to be computed on each subinter-
val only for polynomials. For this, a form of (exact) Gauss-Chebyshev quadrature will
allow us to completely bypass numerical integration. In addition, splines can easily be
adjusted to handle the problematic situation where the function f has “stiff” regions
(see an illustration in Figure 3.1). This section provides the necessary implementation
details of an algorithm based on this approach.
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Fig. 3.1. Polynomial approximation to the sign function sgn(t) and the “spline-smoothed”
version of sgn(t). (a) Polynomial approximation to sgn(t), using degree 300. (b) Spline approxi-
mation to sgn(t). The −1 piece and the 1 piece are bridged by a cubic polynomial on the interval
[−0.015, 0.015]. (c) Polynomial approximation to the spline in (b), using degree 300. Note the Gibbs
phenomenon exhibited in (a) and how it is alleviated in (c).

In the sequel we consider cubic splines s(t) defined based on the knots t0 < t1 <
· · · < tn−1 < tn:

s(t) :=
n−1∑

i=0

si(t), t ∈ [l, u],

with l = t0 and tn = u, where for each i, the polynomial piece is

si(t) =

{
ai + ei(t− ti) + ci(t− ti)2 + di(t− ti)3 if t ∈ [ti, ti+1],

0 otherwise.
(3.1)

3.1. Inner product and orthogonal basis. Consider the Chebyshev polyno-
mials of the first kind defined for |x| ≤ 1, by Tp(x) = cos(p cos−1 x). As is well known,
these polynomials satisfy the three-term recurrence Tp+1(x) = 2xTp(x) − Tp−1(x),
starting with T0(x) = 1 and T1(x) = x. They are also known to constitute a sequence
of orthogonal polynomials on the interval [−1, 1] with respect to the weight function
1/
√
1− x2. If we denote by δj the Dirac function δj = 1 iff j = 0, then we can write2

∫ 1

−1

Tp(x)Tq(x)√
1− x2

dx =
π

2
[δp−q + δp+q] .

2The extra term δp+q takes care of the special situation p = q = 0, so the integral is π in this
case instead of π/2. It is not relevant otherwise.



Function of Matrix Times Vector f(A)b 

Convergence	  
	  
	  
	  
	  
	  
	  
	  
where	  
  The	  r-‐th	  deriva0ve	  of	  spline	  s	  is	  ρ-‐Lipschitz	  with	  constant	  Cr	  
  a	  and	  b	  are	  the	  two	  end	  points	  of	  the	  spline	  (encapsula0ng	  spectrum	  of	  A)	  
  tj	  are	  spline	  knots	  

Sampling	  error:	  	  
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f (A)b!!k (A)b 2
" f !!k #

b
2

f ! s
#
=O f (4)

#
max

j
(t j+1 ! t j )

4( )
s!!k #

=O Cr (b! a)
"

kr+"!0.5
$

%
&

'

(
)

cov{K1/2x !!k (K )x} 2
" f !!k #
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Function of Matrix Times Vector f(A)b 

  Numerical	  results:	  Standard	  2D	  Laplacian.	  f(t)	  =	  t1/2	  	  	  	  

72	  Midwest NA Day, May 8, 2011

Computing f(A)x

Numerical results: Standard 2D Laplacian. f(t) =
√
t
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Function of Matrix Times Vector f(A)b 

  Numerical	  results:	  Wieland	  Compact	  Kernel:	  	  
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Residual:	  	  



	  
	  
	  
	  
	  

Experimental	  Results	  
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Stokes Flow 
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Fig 7. Stokes flow data. The right columns are QQ plots of the filtered data in regions.
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Stokes Flow 

Filed	  a	  power-‐law	  model	  
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!(x;",C) = !("" / 2) #C x "

Data	   Circle	   Rectangle	   Boundary	   Background	  

#	  Points	   1.5e+5	   7.9e+4	   3.1e+4	   4.7e+5	  

Fi8ed	  α	   0.1819	   0.3051	   0.7768	   1.5945	  

Fi8ed	  C	   722.54	   803.07	   3309.4	   626180.0	  

eig(Fisher-‐1)1/2	   5.04e-‐4	   9.80e-‐4	   2.50e-‐3	   8.11e-‐4	  

1.31e+1	   1.86e+1	   1.26e+2	   5.44e+3	  



Conclusion GP 

  State-‐of-‐the-‐art	  methods	  use	  Cholesky	  to	  do	  sampling	  and	  solve	  ML.	  
–  Can	  probably	  handle	  data	  size	  up	  to	  n	  =	  O(104)	  or	  O(105).	  

  We	  propose	  a	  framework	  to	  overcome	  the	  Cholesky	  barrier.	  
–  Use	  a	  matrix-‐free	  method	  to	  do	  sampling.	  
–  Reformulate	  maximum	  likelihood	  using	  stochas0c	  approxima0on.	  
–  Use	  itera0ve	  solver	  to	  solve	  linear	  systems.	  
–  Use	  a	  filtering	  technique	  to	  reduce	  the	  condi0on	  number.	  

  On	  going	  work	  
–  Inves0ga0ng	  the	  scaling	  of	  parallel	  FFT	  for	  n	  =	  O(106)	  and	  larger	  computa0ons.	  
–  For	  scalered	  points,	  inves0ga0ng	  a	  discrete	  Laplace	  operator	  for	  filtering.	  
–  Implemen0ng	  a	  fast	  summa0on	  method	  to	  do	  mat-‐vec.	  
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Conclusions Gradient Enhanced UQ 

  Gradient-‐enhanced	  uncertainty	  propaga0on	  is	  a	  first	  step	  to	  a	  larger	  effort	  in	  
learning	  the	  behavior	  of	  complex	  models	  by	  extrac0ng	  more	  informa0on	  from	  
fewer	  sample	  runs.	  

  An	  important	  part	  of	  PRD	  and	  GEUK	  is	  Automa0c	  Differen0a0on;	  it	  can	  be	  applied	  
to	  codes	  of	  *industrial*	  complexity.	  	  

  We	  have	  shown	  that	  basis	  choice	  makes	  a	  difference	  for	  PRD.	  	  
  Gradient-‐enhanced	  universal	  kriging	  brings	  combines	  the	  best	  advantages	  in	  

sensi0vity,	  regression,	  and	  Gaussian	  processes.	  	  
  It	  can	  provide	  good	  sta0s0cs	  for	  nuclear	  engineering	  codes	  with	  6-‐8	  samples	  for	  

the	  limited	  examples	  we	  tried.	  
  More	  accurate	  that	  regression,	  more	  efficient	  than	  kriging.	  	  	  
  Future:	  	  

–  Larger	  number	  of	  parameters	  
–  Approximated	  the	  gradients	  of	  very	  large	  scale	  codes.	  ]	  
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